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Abstract 

For scalar and electromagnetic fields we evaluate the vacuum expectation value of the 
energy-momentum tensor induced by a curved boundary in the Robertson- Walker spacetime 
with negative spatial curvature. In order to generate the vacuum densities we use the con- 
formal relation between the Robert son- Walker and Rindler spacetimes and the correspond- 
ing results for a plate moving by uniform proper acceleration through the Fulling-Rindler 
vacuum. For the general case of the scale factor the vacuum energy-momentum tensor is 
presented as the sum of the boundary free and boundary induced parts. 

1 Introduction 

The influence of boundaries on the vacuum state of a quantum field leads to interesting physical 
consequences. Well known example is the Casimir effect [U [21 [31 d], when the modification 
of the zero-point fluctuations spectrum by the presence of boundaries induces vacuum forces 
acting on the boundaries. It may have important implications on all scales, from cosmological 
to subnuclear. The particular features of the resulting vacuum forces depend on the nature of 
the quantum field, the type of spacetime manifold, the boundary geometries and the specific 
boundary conditions imposed on the field. 

The Casimir effect can be viewed as a polarization of vacuum by boundary conditions. An- 
other type of vacuum polarization arises in the case of an external gravitational field. In this 
paper, we study an exactly solvable problem with both types of sources for the polarization. 
Namely, we consider the vacuum expectation value of the energy-momentum tensor for both 
scalar and electromagnetic fields induced by a curved boundary in background of Robertson- 
Walker (RW) spacetime with negative spatial curvature. In order to generate the vacuum densi- 
ties we use the well known relation between the vacuum expectation values in conformally related 
problems (see, for instance, [5]) and the corresponding results for an infinite plane boundary 
moving with uniform acceleration through the Fulling-Rindler vacuum. 

The latter problem for conformally coupled Dirichlet and Neumann massless scalar fields and 
for the electromagnetic field in four dimensional Rindler spacetime was considered by Candelas 
and Deutsch [6]. These authors consider the region of the right Rindler wedge to the right of 
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the barrier. In [7], we have investigated the Wightman function and the vacuum expectation 
values of the energy-momentum tensor for a massive scalar field with general curvature coupling 
parameter, satisfying the Robin boundary condition on the infinite plane in an arbitrary number 
of spacetime dimensions and for the electromagnetic field. We have considered both regions, 
including the one between the barrier and Rindler horizon. The corresponding surface densities 
induced on the plate have been considered in [8]. The vacuum expectation values of the energy- 
momentum tensors for scalar and electromagnetic fields for the geometry of two parallel plates 
moving by uniform acceleration are investigated in [Sj. In particular, the vacuum forces acting 
on the boundaries are evaluated. In [10] the Casimir energy is evaluated for massless scalar 
fields under Dirichlet or Neumann boundary conditions, and for the electromagnetic field with 
perfect conductor boundary conditions on one and two infinite parallel plates moving by uniform 
proper acceleration through the Fulling-Rindler vacuum in an arbitrary number of spacetime 
dimension. 

A closely related problem for the evaluation of the energy-momentum tensor of a Casimir 
apparatus in a weak gravitational field recently has been considered in I12j. In particular, it 
has been shown that the Casimir energy for a configuration of parallel plates gravitates accord- 
ing to the equivalence principle. In [13] the conformal relation between de Sitter and Rindler 
spacetimes is used to generate the vacuum expectation values of the energy-momentum tensor 
for a conformally coupled scalar field in de Sitter spacetime in the presence of a curved brane 
on which the field obeys the Robin boundary condition with coordinate dependent coefficients. 
The Casimir densities for spherical branes in Rindler-like spacetimes have been investigated in 

The organization of the present paper is as follows. In the next section we consider the 
conformal relation between the problems in the RW spacetime with negative spatial curvature 
and Rindler spacetime. The geometry of the boundary is specified. In section [3] the vacuum 
expectation value of the energy-momentum tensor is investigated for a scalar filed with Robin 
boundary condition. The Casimir densities in the case of the electromagnetic field with perfect 
conductor boundary conditions on the plate are discussed in section HJ The main results are 
summarized in section [5l 

2 Conformal relation between the problems in Robertson- Walker 
and Rindler spacetimes 

As a background geometry we shall consider the k = — 1 RW spacetime with the line element 

ds 2 = g ik dx i dx k = a 2 {r]){dr] 2 - j 2 dr 2 - r 2 dfi^_ 1 ), (1) 

where 7 = 1/Vl + r 2 and dtt 2 ~ ) _ 1 is the line element on the (D — 1) -dimensional unit sphere in 
Euclidean space. First of all let us present the RW line element in the form conformally related 
to the Rindler metric. With this aim we make the coordinate transformation 

x { = (r,,r,9,9 2 ,..., 8 D _ 2 , 4>) - x H = (77, £, x'), (2) 

with x' = (x' 2 , ...,x fD ), defined by the relations (see Ref. [5] for the case D = 3) 

£ = £o^> x ' 2 = Co r ^ sin 9 cos 6*2, • • • , x' D ~ 2 = £or£l sin 9 sin 62 ■ ■ ■ sin 9d-3 cos 6d~2, 
x' ^ 1 = £o r ^ srn srn #2 • • ■ si n @D-2 cos (ft, x' D = S,orQ sin 9 sin 62 - • • sin #d_2 srn 4>i (3) 
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where £o is a constant with the dimension of length and we use the notation 

n = 7/(1 -7*7 cos &). (4) 

Under this transformation the RW line element takes the form 

ds 2 = g' ik dx H dx' k = a 2 (7?)f~ 2 {fdrj 2 - df - dx' 2 ) . (5) 

In this form the RW metric is manifestly conformally related to the metric in the Rindler 
spacetime with the line element ds 2 ^: 

ds 2 = a 2 (ri)C 2 ds 2 R , ds 2 R = gf k dx H dx'\ g' ik = a 2 {r,)C 2 <&- (6) 

By using the standard transformation formula for the vacuum expectation values of the 
energy-momentum tensor in conformally related problems (see, for instance, [5]), we can gener- 
ate the results for the RW spacetime from the corresponding results in the Rindler spacetime. 
First we shall consider the corresponding quantities in the coordinates (77, £,x') with the line 
element ([5]). These quantities are found by using the transformation formula for conformally 
related problems: 

<0 RW |lf [g' lm M |0 RW ) = [$/a(r,)} D+1 (a R \T? [gf m ,m] |0r) + (T? [g[ m ^})^\ (7) 

where the second term on the right is determined by the trace anomaly In odd spacetime dimen- 
sions the conformal anomaly is absent and the corresponding part vanishes: (T* [g'i m , c^])( an ) = 
for even D. The vacuum expectation value of the energy- momentum tensor in coordinates 
(JTJ) is obtained by the standard coordinate transformation formulae. For a second rank ten- 
sor which is diagonal in coordinates x' 1 = (77, £,x'), the transformation to coordinates 
x l = (77, r, 0, 62, ■ ■ ■ , Od) has the form 

4] = A' °, A\ = A'l + n 2 sin 2 6(A' 2 - Al), 

Al = n 2 sine COSd ~ n (A'i-A' 1 1 ), (8) 
A\ = A'i + Q 2 sin 2 6{A'l - A'g), A\ = A'£, I = 3, . . . , D. 

In this paper, as a Rindler counterpart we shall take the vacuum energy-momentum tensor 
induced by an infinite plate moving by uniform proper acceleration through the Fulling-Rindler 
vacuum. We shall assume that the plate is located in the right Rindler wedge and has the 
coordinate £ = b. In coordinates x 1 the boundary £ = b is presented by the hypersurface 

V / l + r 2 -rcos6' = l/6o, &o = &/&■ (9) 
The corresponding normal has the components 

n l = -A-(0,- s /l + r 2 (l- ^l + r 2 /& o ),-sin0,O,...,O). (10) 
We consider the cases of scalar and electromagnetic fields separately. 
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3 Vacuum expectation values for the energy-momentum tensor: 
Scalar field 

In this section we consider a conformally coupled massless scalar field (p(x) on background of 
spacetime with the line element ([1]). The corresponding field equation has the form 
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where R is the Ricci scalar for the RW spacetime. We assume that the field satisfies the Robin 
boundary condition 

(A + Bn l Vi)ip(x) = 0, (12) 

on the hypersurface (|9|). 

The expectation value of the energy-momentum tensor induced by the presence of an infinite 
plane boundary moving with uniform acceleration through the Fulling-Rindler vacuum was 
investigated in [6j[7]. For a scalar field ¥?r(x') it is presented in the decomposed form: 



(ORi^LrfrO = (o r |^[ 9 L^r]|6r) + (rf F -A(b) 



(R)i/ 



(13) 



In this formula, |0r) are |0r) are the vacuum states for the Rindler spacetime in presence and 
absence of the plate respectively and (^mv) is the part of the vacuum energy-momentum 
tensor induced by the plate. For the part without boundaries one has 



(6r|^[ 5 L^r]|6r) = 2 D-i^/2r(D/ 2 ) diag 1/A • • • ' 1/D) 



with the notation 



an 



LO D duJ 
27TUJ I (—l)D 11 

v J 1=1 



D-l-21 

2uj 



+ 1 



(14) 



(15) 



where l m = D/2 — 1 for even D > 2 and l m = (D — l)/2 for odd D > 1, and the value for the 
product over I is equal to 1 for D = 1, 2, 3. 

For a scalar field ^r(x') satisfying the Robin boundary condition 



A R + BRTi'^Vt ) pr(x') = 0, £ = b, n'[ 
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l! 



(16) 



with constant coefficients Ar and -Br, the boundary induced part in the region £ > a is given 
by the formula [7] 



( r ( R )i 



,(b) 



l-Dfikfo-D-l 



^{D+1)/2 DT 



' D-l^ 



dx x 



D 



X ' du£0rF®[K u (x£/b)]- 







Here the functions F^[g(z)] have the form 

D - 1 



F(%(z)] 
F^[g(z)} 



g(z)g'(z) + 



I -{2D- 1) 



(17) 



-Dg l2 {z) 



D - 1 



fl (z) 9 '(z)+i}(l + ^) g 2 (z) 



(18) 



9'\z) + ( =r 



£> + ! 
D — 1 
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In Eq. (fTTj) . I w {z) and K L0 (z) are the modified Bessel functions and for a given function f(z) we 
use the notation 

f(z)=A R f(z) + (B R /b)zf'(z). (19) 

The expression for the boundary part of the vacuum energy-momentum tensor in the region 
£ < a is obtained from formula (|17p by the replacements 1^ ^ K^. 

The formulae given above allow us to present the RW vacuum expectation value in coordi- 
nates x H in the form similar to (|13|) : 

<0 RW |7f y im M IOrw) = (6 RW m fc [fl{ m ,<p] |6rw) + (^ fc [ffL,y]) (b) , (20) 

where (0Rw|lf K'miV 9 ] |0rw) is the vacuum expectation value in the RW spacetime without 
boundaries and the part (T k [g' lm , <p] ) ^ is induced by the boundary ((£]). Conformally trans- 
forming the Rindler results one finds 



(0 RW \T? [g' lm , <p] |0 RW ) = [W^HWA, <Pr]\0r) + Ctf Wim, V>] > (an) , (21) 
CtftsL.v]) 00 = fc/afa)] * 1 ^) 00 - (22) 
Under the conformal transformation g' ik = [a(rj)/^] 2 g^., the field ipn is changed by the rule 

<p(x') = [d/a^-WMx'). (23) 

Now by comparing boundary conditions (|12p . (|16p and taking into account Eq. (|23p . one obtains 
the relation between the coefficients in the boundary conditions: 

a{r,)A/B = bA R /B R + (1 - D)/2. (24) 

As it is seen from this relation, the Dirichlet boundary condition in the problem on the RW bulk 
(B = 0) corresponds to the Dirichlet boundary condition in the conformally related problem 
for the Rindler spacetime. For the case of the Neumann boundary condition in the RW bulk 
(A = 0) the corresponding problem in the Rindler spacetime is of the Robin type with bA R /B R = 
(D-l)/2. 

As before, we shall present the corresponding components in coordinates x l in the form of 
the sum of purely RW and boundary parts: 

{Ojm\T? [gim, <p] |0 RW ) = (ORwlTf [gim, <p] |0rw) + C??) (b) - (25) 

By using the relations ([8]) for the purely RW part one finds (for the vacuum polarization in RW 
spacetimes see [5j [151 ES] an d references therein) 

(OrwI^ [9im, <f] |0rw) = ^|^^ diag (-1, 1/D, . . . , 1/D) + (T* [g lm , d)(«0 . (26) 
In particular, for D = 3 we have [5] 

(3)#fc _(i) /g 

(T? [gim, ^]) (an) = * 288Q7r2 1 ' , (27) 

where the expressions for the tensors ^ H k are given in [5]. Now it can be easily checked that 
for the static case, a(rj) = const, one has (OrwIX* [gi m , <p] |0rw) = 0. In the special case of the 
power-law expansion, a(t) = at c , with t being the synchronous time coordinate, we find 

. r. . . ,~ . c(c 2 — 6c + 3) (3c — 4) , . 3c , . . 

(OrwI^ [gim, <p] |0rw) = J 2 880tt4 4 diag( ^3I' h lj 1} " (28) 
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The corresponding energy density is negative for |c — 3| < y6. 

For the boundary induced energy-momentum tensor in coordinates x n the spatial part is not 
isotropic and the corresponding part in coordinates x l is more complicated (no summation over 
I): 



(T / )( b) 
(r / )( b) 

(T 2 )( b) 



[Z/a(r))] D+1 (T l m )M, 1 = 0,3,. ..,D, 



[Z/a(r,)} D+1 (T l (R)l 



\(b) 



+ 



[i/ a { r l)] D+1 ti 2 sin#^-^ — — ((T? 



l)'O a sin 2 6((Tl R)1 )M - (T? 

\ (R)l' 



R)2/ 



,1 = 1,2, (29) 



(R)2/ 



As we see the resulting energy-momentum tensor is non-diagonal. Note that for the case of the 
power-law expansion the ratio of the boundary induced and boundary free parts at a given spatial 
point behaves as t 4 ( 1-c ) in the model with D = 3. Hence, at early stages of the cosmological 
expansion the boundary induced part dominates for c > 1. In figure [1] we have plotted the 
boundary induced parts in the vacuum energy density (I = 0) and 3-stress (I = 3) as functions 
of the ratio £/6 for D = 3 scalar field with Dirichlet boundary condition. The corresponding 
energy density is positive in the region £ < b and negative for £ > b. In the case of Robin 
condition the energy density can be either negative or positive in dependence of the coefficient 
in the boundary condition. 
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Figure 1: Boundary induced parts in the vacuum energy density and 3-stress for D 
scalar field. 
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4 Electromagnetic field 

The electromagnetic field is conformally invariant in D = 3. The vacuum expectation value of 
the energy-momentum tensor induced by the presence of conducting plate moving with uniform 
acceleration through the Fulling-Rindler vacuum is investigated in Refs. [S1E]. We will assume 
that the plate is a perfect conductor with the standard boundary conditions of vanishing of 
the normal component of the magnetic field and the tangential components of the electric field, 
evaluated at the local inertial frame in which the conductor is instantaneously at rest. As in the 
case of a scalar field, the expectation value of the energy-momentum tensor is presented in the 
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form (|13|) . where the boundary free part is given by the formula 

(0 R \T?[g? m ,<p R }\b R ) = -il-diag (-1,1/3, 1/3, 1/3) . (30) 
In the region £ > b for the boundary induced part one has the expression [61 [7j 



°" ' ' „3 



-(R)i/ 47r 2 6 4 

with the notations 



oo 



J w (x) + ^(x) 



F»[^«/6)], (31) 



= (-i)V 2 ^) + [i - (-i)V»AV (z), i = o,i, 

FBlg(z)] = F^[g(z)} = -g\z). (32) 



The corresponding formula in the region £ < b is obtained from (|3ip by the replacements 
J w ^ By taking into account that [I u (x)K u (x)]' < 0, we see that {T 2 R ^ 2 )^ > for £ > b 
and (T(m 2 } < for £ < 6. For the perpendicular stress one has (TLjW > in both regions. 
The boundary induced energy density is positive/negative in the region £ < &/£ > b. 

The vacuum expectation value of the energy-momentum tensor in the RW bulk is presented 
in the form (|25p. where the boundary free part is given by the expression 

(OrwI^ [9lm, <p] |6rw) = ^J^diag (-1, 1/3, 1/3, 1/3) + ° — . (33) 

As in the case for a scalar field, this expectation value vanishes for the static RW spacetime. 
For the power-law expansion, a(t) = at c , from (|33p we find 

,~ . , . ..- . c(31c 2 + 54c-27)(3c-4) , . 3c 
(OrwI^ [fllm,d |0rw) = 14407r 2 t 4 -^(^4. 1.1.1) 

C(C_2) r diag(-^-, 1,1,1). (34) 



18vr 2 a 2 (i)i 2 

For c < 1 the second term on the right of this formula dominates at late stages of the cosmological 
expansion and the corresponding energy density is negative. 

For the boundary induced part we have formulae (|29p with D = 3 and with (T^^)^ given 
by (|3ip for the region £ > b. For points near the boundary the leading terms in the asymptotic 
expansions for the components of the energy-momentum tensor have the form 

(b) ^ -2(Tl^\ 2(T 2 )^ ^ 3 (b) ^ (l-e/6)^ 

^ 0/ ~ b 2 sm 2 6 ~b 2 Q sm 2 9-l~ { 3> ~ 307T 2 a 4 (r,) ' 

/^2 X (b) _ r 7 -cos6> a" 4 (77) fegsinfl 

^ r 60vr2(l-£/&) 3 - 

In the asymptotic term for the off-diagonal component r and 9 are related by ([9]). Near the 
boundary the total energy-momentum tensor is dominated by the boundary-induced part. 
In the limit £ — * we have the following asymptotic formulae (no summation over I) 

/ T 0v(b) / T U(b) _ / T h(b) -1.326(£/fr) 4 _ 
(Jo) (A) ^> 8vr2 a 4 (r ? )ln(26/0' ' ' 

^) (b) - -^sin^f^fff^. (36) 
x 11 2vr 2 a 4 (r ? )rln(26/0 V ; 
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This limit corresponds to large values of the coordinate r with the relation £/£o ~ [2r sin 2 (9/2)] _1 . 
Now we turn to the limit £/b —* oo. In terms of the coordinates r and 0, this limit corresponds 
to large values of r and small values of 9 with £/£o ~ 2r/ (r 2 # 2 + 1). To the leading order for 
the boundary induced part we have 

{Tt)ih) = ^lk diag(1 '- 1/3 '- 1/3 '- 1/3) • (37) 

In this limit the total energy- momentum tensor is dominated by the boundary free part (133p , 



5 Conclusion 

In the investigations of the Casimir effect the calculation of the local densities of the vacuum 
characteristics is of special interest. In particular, these include the vacuum expectation value of 
the energy-momentum tensor. In addition to describing the physical structure of the quantum 
field at a given point, the energy-momentum tensor acts as the source of gravity in the Einstein 
equations. It therefore plays an important role in modelling a self-consistent dynamics involving 
the gravitational field. 

In the present paper we have investigated the vacuum expectation value of the energy- 
momentum tensor for scalar and electromagnetic fields induced by the boundary, defined by 
Eq. ([9]), on background of RW spacetime with negative spatial curvature. For a scalar field the 
Robin boundary condition is imposed and for the electromagnetic field we have assumed that 
the boundary is a perfect conductor. In order to obtain the vacuum expectation values we have 
used the corresponding results for a plate moving with constant proper acceleration through 
the Fulling-Rindler vacuum and the conformal relation between the k = — 1 RW and Rindler 
spacetimes. 

For the general case of the scale factor we have presented the vacuum energy-momentum 
tensor as the sum of the boundary free and boundary induced parts. The boundary free parts are 
given by the standard formulae ([26]) . ([27]) for a scalar field and by ([33]) for the electromagnetic 
field. In the special case of the power-law scale factor the corresponding expressions take the 
forms (|28p and (|34p . respectively. The boundary induced part in the vacuum expectation value of 
the energy-momentum tensor is non-diagonal and is given by the expressions (I29p with (T&n^w 
defined by formulae (]17p and (|3ip for scalar and electromagnetic fields in the region £ > b. The 
corresponding formulae for the region £ < b are obtained by the replacements I u <^ K w . In the 
case of the electromagnetic field the boundary induced energy density is positive (negative) in the 
region £ < b (£ > b). For the power-law expansion with a(t) oc t c , c > 1, at a given spatial point 
the ratio of the boundary induced and boundary free parts in the vacuum energy-momentum 
tensor behaves as t 4 ( 1-c ) in the model with D = 3 and at early stages of the cosmological 
expansion the boundary induced part dominates. 



Acknowledgments 

A.A.S. was supported by the Armenian Ministry of Education and Science Grant No. 119. 



References 



[1] V. M. Mostepanenko, N. N. Trunov, The Casimir Effect and Its Applications (Oxford 
University Press, Oxford, 1997). 



8 



[2] K. A. Milton, The Casimir Effect: Physical Manifestation of Zero-Point Energy (World 
Scientific, Singapore, 2002). 

[3] M. Bordag, G. L. Klimchitskaya, U. Mohideen, V. M. Mostepanenko, Advances in the 
Casimir Effect (Oxford University Press, Oxford, 2009). 

[4] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko, S. Zerbini, Zeta Regularization 
Techniques with Applications (World Scientific, Singapore, 1994). 

[5] N. D. Birrell, P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University 
Press, Cambridge, 1982). 

[6] P. Candelas, D. Deutsch, Proc. R. Soc. London A 354, 79 (1977). 

[7] A. A. Saharian, Class. Quantum Grav. 19, 5039 (2002). 

[8] A. A. Saharian, M. R. Setare, Class. Quant. Grav. 21, 5261 (2004). 

[9] R. M. Avagyan, A. A. Saharian, A. H. Yeranyan, Phys. Rev. D 66, 085023 (2002); A. A. 
Saharian, R. M. Avagyan, R. S. Davtyan, Int. J. Mod. Phys. A 21, 2353 (2006). 

[10] A. A. Saharian, R. S. Davtyan, A. H. Yeranyan, Phys. Rev. D 69, 085002 (2004). 

[11] S. A. Fulling, K. A. Milton, P. Parashar, A. Romeo, K. V. Shajesh, J. Wagner, Phys. Rev. 
D 76, 025004 (2007); K. A. Milton, P. Parashar, K. V. Shajesh, J. Wagner, J. Phys. A 40, 
10935 (2007). 

[12] G. Esposito, G. M. Napolitano, L. Rosa, Phys. Rev. D 77, 105011 (2008); G. Bimonte, 
G. Esposito, L. Rosa, Phys. Rev. D 78, 024010 (2008); G. M. Napolitano, G. Esposito, L. 
Rosa, Phys. Rev. D 78, 107701 (2008). 

[13] A. A. Saharian, M. R. Setare, Phys. Lett. B 584, 306 (2004). 

[14] A. A. Saharian, M. R. Setare, Nucl. Phys. B 724, 406 (2005); A. A. Saharian, M. R. Setare, 
JHEP 02, 089 (2007). 

[15] A. A. Grib, S. G. Mamayev, V. M. Mostepanenko, Vacuum Quantum Effects in Strong 
Fields (Friedmann Laboratory Publishing, St. Petersburg, 1994). 

[16] M. Bordag, J. Lindig, V. M. Mostepanenko, Yu. V. Pavlov, Int. J. Mod. Phys. D 6, 449 
(1997); M. Bordag, J. Lindig, V. M. Mostepanenko, Class. Quantum Grav. 15, 581 (1998). 



9 



